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\ Abstract. Given a domain £1 C C", the Lempert function is a 

. functional on the space Hoi (IS, Q) of analytic disks with values in 

f2, depending on a set of poles in 17. We generalize its definition to 

■ the case where poles have multiplicities given by local indicators (in 
r \ | the sense of Rashkovskii) to obtain a function which still dominates 

the corresponding Green function, behaves relatively well under 
| limits, and is monotonic with respect to the local indicators. In 

d • particular, this is an improvement over the previous generalization 

used by the same authors to find an example of a set of poles in 
the bidisk so that the (usual) Green and Lempert functions differ. 

> ! 1. Introduction 

ON 

; We assume throughout that Q is a bounded domain in C n . Let D 

■ stand for the unit disk in C. The classical Lempert function with pole 
at a G fl j9] is defined by 

£ a (z) := inf { log |C| : 3y? G Hol(B, fi), <p(0) = z, <p(C) = a}. 

Given a finite number of points cij G f2, j = 1,...,N, Coman [3] 



> 
X 



N 



(1.1) £(z) := £ {ai _ m} (z) := M {J2^\Q\ ■■ 



3=1 

U\ 3^ G Hol(B,n) : <f(0) = z,(p(Q = a^j = 1,...,N}. 

The Green function for the same poles is 

g := sup {u G PSH(Q,RJ) : u{z) < log \z - aj\ + Cj, 

for z in a neighborhood of a.,-, j = 1, N} , 

where PSH(Q, R_) stands for the set of all negative plurisubharmonic 
functions in Q. The inequality g(z) < £(z) always holds, and it is 
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known that it can be strict [2], [16], [TT] . If C ever turns out to be 
plurisubharmonic itself, then t must be equal to g [3|. 

There are natural extensions of the definition of the Green function. 
In one dimension, considering a finite number of poles in the same 
location a, say m poles, has a natural interpretation in terms of mul- 
tiplicities: the point mass in the Riesz measure of the Green function 
is multiplied by m. Locally, the Green function behaves like log|/|, 
where / is a holomorphic function vanishing at a with multiplicity m. 

Lelong and Rashkovskii [5], [T2] defined a generalized Green func- 
tion. The function log \z\ was replaced by "local indicators", i.e. circled 
plurisubharmonic functions \I/ whose Monge Ampere measure (dd c ^) n 
is concentrated at the origin, such that whenever log|wj| = clog|zj| 
for all j £ {l,...,n}, then $?(w) = c$?(z). This has the advan- 
tage of allowing the consideration of non-isotropic singularities such 
as max(2 log \zi\, log |z 2 |), but the "circled" condition privileges certain 
coordinate axes, so that the class isn't invariant under linear changes 
of variables. We will have to remove this restriction to obtain a class 
large enough to describe some natural limits. 

In several complex variables, we would like to know which notion of 
multiplicity can arise when we take limits of ordinary Green (or Lem- 
pert) functions with several poles tending to the same point. This idea 
was put to use in [16] to exhibit an example where a Lempert function 
with four poles is different from the corresponding Green function. The 
definition of a generalized Lempert function chosen in [16] had some 
drawbacks — essentially, it was not monotonic with respect to its sys- 
tem of poles (in an appropriate sense) [I6J Proposition 4.3] and did not 
pass to the limit in some very simple situations [Ell Theorem 6.3]. We 
recall that monotonicity holds when no multiplicities are present, see 
[T8] and [161 Proposition 3.1] for the convex case, and the more recent 
[TO] for arbitrary domains and weighted Lempert functions, or more 
generally when a subset of the original set of poles is considered with 
the same generalized local indicators. 

In section [2J we successively define a class of indicators, a subclass 
which is useful to produce "monomial" examples, a notion of multi- 
plicity for values attained by an analytic disk, and a generalization of 
Coman's Lempert function to systems of poles with generalized local 
indicators, different from [T6] . In section [31 we state our two main re- 
sults: monotonicity, and convergence under certain restrictive (but, we 
hope, natural) conditions. Further sections are devoted to the proofs 
of those results. 

Finally, in Section [7] we summarize the differences between our new 
definition and that given in [T6"] . 
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The first named author would like to thank Nikolai Nikolov for stim- 
ulating discussions on this topic, and his colleague Anne Bauval from 
Toulouse for showing him a nice purely combinatorial proof of Lemma 
15.61 Special thanks are due to the referee for his very thorough reading 
of our paper. 

2. Definitions 

Definition 2.1. [Sj Let V G PSH(D n ). We call * a local indicator 
and write \l/ G Iq if 

(1) \I/ is bounded from above on 3 n ; 

(2) is circled, i.e. ^(z±,... ,z n ) depends only on (\zi\, . . . , \z n \); 

(3) for any c> 0, ^(|^i | c , . . . , \z n \ c ) = c*(|^|, . . . , \z n \). 

As a consequence, (dd c ^) n = t^Sq for some > 0. 

Notice that if G PSH(D n ), ^ 2 G PSH(B m ), and they are both 
local indicators, then 

V(z,z') :=max(*i(2),$ 2 (z / )) 

defines a local indicator on D n+m . 

We need to remove the restriction to a single coordinate system in 
Definition [2H 

Definition 2.2. We call a generalized local indicator, and we write 
\& G X if there exists U a neighborhood of 0, \&o G Iq o,nd a one-to-one 
linear map L of C n to itself such that L(U) C and f = $g o L. 

We will concentrate on a class of simple examples. Given two vectors 
z, w G C n , their standard hermitian product is denoted by z ■ w : = 
J2j z jWj- We also write ||z|| := \z ■ z] 1 ^ 2 . 

Definition 2.3. We say that ^ is an elementary local indicator if 
there exists a basis {vi, . . . , v n } of vectors of C n and scalars rrij G M. + , 
1 < j < n, such that for z G D n ; 

(2.1) ty(z) = max m,Tog | z ■ Vj | . 

l<j<n 

One easily checks that any elementary local indicator is a generalized 
local indicator. The most interesting case is the one for which the basis 
is orthornormal. In fact, it is essentially the only case. 

Lemma 2.4. Given an elementary local indicator \1/ as in Definition 
\2.3\ there exists an orthonormal basis {vi, . . . ,v n } of C n such that the 
associated elementary local indicator ^f(z) := maxi<j< n rrijlog \z ■ Vj\ 
verifies * - # G L°°(D n ). 
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As a consequence, we could have restricted the map L in Definition 
to be unitary, and it would not have changed things in any essential 
way. 

The proof of Lemma 12.41 is given in Section [4] below. 

Lemma 2.5. [H example in Section 3], [12] If^ is an elementary local 
indicator, then r$ = m\ ■ ■ -m n . 

We take the same definition of the generalized Green function as in 



Definition 2.6. Let Q be a bounded domain in C n . Given 
S := {(%, ^j), 1 < j < N}, where aj G fl, aj ^ for j ^ k, tyj G X, 
its Green function is 

G s := sup{n G PSH(n,R_) : u(z) < V^+Cj, 

for z in a neighborhood of aj,j = 1, iV} . 

To generalize the Lempert function, the first step is to quantify the 
way in which an analytic disk, i.e. an element of Hol(V>,Q), meets a 
pole provided with a generalized local indicator. 

Definition 2.7. Let a G D ; a G Q, V G 1. Then the multiplicity of 

if G Hoi (3, Q) at a, with respect to a, is given by 

^(if(a + ()-a) 



If <f (a) = a, then m Vj0) $(a) := min f r$, liminf ^ ^ 

if if (a) 7^ a, then m ip!a ^(a) := 0. 
Notice that if \f/! — \T/ 2 is locally bounded near the origin, then 

"fy,a,*i(a) = m ^,a,* 2 ( a )- 

The quantity liminf ^ ^^[og\f\~ a ^ 1S exactly the Lelong number at 
of the subharmonic function $o^, compare with [T3l pp. 334-335]. 
Truncating at the level of the local Monge-Ampere mass r# will turn 
out to be convenient in Definition 12.81 and the proofs that use it. 

It is useful to see what this means in the case of elementary local 
indicators. 

Elementary examples. 

Suppose that a = 0, a = 0, and that ^(z) = maxi<j< n mj log \z 
We write 

f(0 = (M0,-..,MC)), 

and define the valuations 

Vj := Vj (0,<p) : = min{fc : (^)Vi(O) * 0}. 
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Then we have 



(2.2) «V,o,* (0) = m ^ n I nnTL m i v h 1 I 

\ l<j'<n 

Example 1. 

If ?7T,j = 1 for all j, ^ ^(0) = 1 if </?(0) = 0, m v> o t ^(0) = otherwise. 
This is the basic case where one just records whether a point has been 
hit by the analytic disk or not. 

Example 2. 

In more general cases, the use of an elementary local indicator will 
impose higher-order differential conditions on the map (p. For instance, 
if nil — 2 and rrij = 1, 2 < j < n, then 

nV,o,*(0) = if ^(0)^0; 

m ^,o,*(0) = 1 if f{0) = and f'j(0) ^ for some j e {2, . . . , n}; 
nfy )O ,*(0) = 2 if (p(0) = and <^(0) = for any j e {2, . . . , n}. 

Definition 2.8. Given a system S as in Definition \2.6[ we write Tj : = 

TV 

Let tp e ifo/(D, n) and A j C D, 1 < j < N. We say that (<p, (A^i^xiv) 
is admissible (for S, z) if 

(f(0) = z\ Aj C <p~ 1 (a 3 -) and m^ a .^.(a) <Tj,l<j<N. 
In this case, we write (with the convention that • oo = 0) 

N 

S(tp, (A/)l<i<jv) := m V,ai,*j( a ) lo g|"l- 

Then the generalized Lempert function is defined by 
C n s (z) := C s (z) 

:= inf {S(<p, (Aj)i<j<N) '■ (<p, (■^■j)i<j<N) is admissible for S, z} . 

Notice that we allow any of the Aj to be the empty set (in which 
case the j-th term drops from the sum). 
Consider the single poles case where 

(2.3) for each j, ^j(z) = max log \zi\, or *&j(z) = log ||z|| 

l<l<n 

- it is the same, since both functions differ by a bounded term near 
0; in fact, one could use any norm that is homogenous under complex 
scalar multiplication. 
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In this 1 for every j. With a slight abuse of notation, 

we write S = {a 1 , . . . ,a N }. Then Cg(z) = mm S ' C s ^s'( z ), where is is 
defined in (11.11) . And in fact mm s > c s ^s'( z ) — @s( z ) OH] (see also [T7j . 
[18] for the case when the domain Q is convex). 

The Lempert function is different from the functionals considered by 
Poletsky and others in that it is restricted to one pre-image per pole ctj 
(thus the Lempert function can fail to be equal to the corresponding 
Green function). In our definition, the number of pre- images per pole 
is bounded above by the Monge- Ampere mass at that pole of its gener- 
alized local indicator. In [T5], each pole only could have one pre-image, 
but (essentially) ip had to hit the pole with maximum multiplicity at 
that pre-image. 

Although Definition 12.81 may seem contrived, it is required to obtain 
the reasonable convergence theorem 13.31 See the discussion in Section 



We remark right away that the usual relationship holds between this 
generalized Lempert function and the corresponding Green function. 

Lemma 2.9. For Q a bounded domain, for any system S as in Defi- 
nition UTb\ for any z E Q, Gs(z) < Cs{z). 

Proof. If ip G Hoi (3, Q), and u G PSH_(Q) is a member of the defining 
family for the Green function of S, then u o ip is subharmonic and 
negative on D. Furthermore, if (ip, (^4j)i<j<7v) is admissible (for S, z) 
and a E Aj, then given any e > 0, for |£| small enough, 

uop(a + ()< Cj + *j(tp{a + C) - aj) < Cj + (m^.^a) - e) log |C|. 

So u o ip is a member of the defining family for the Green function on 
D with poles a and weights m^a^^fa) — e at a. This implies that 



j=l a^Aj 

Letting e tend to and setting ( = 0, we get u(z) < S(cp, (^i)i<j<jv)- 
Passing to the supremum over u, then to the infimum over (ip, (^4j)i<j<v), 




we get the Lemma. 



□ 



3. Main Results 



We start with a remark. 



Lemma 3.1. If S is as in Definition \2. 6[ 1 < N' < N, and 

S":={( % ,^),l<i<Ar'}, 

then for any z G Q, £s'( z ) > £s( z )- 
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Proof. If we take Aj = for N' + 1 < j < AT, any member of the 
defining family for Cs'(z) becomes a member of the defining family for 
Cs(z), and the sum remains the same. □ 

The above lemma goes in the direction of monotonicity of the Lem- 
pert function with respect to its system of poles. For the Green func- 
tion, it is immediate that the more poles there are, the more negative 
the function must be. More generally the more negative the generalized 
local indicators are (removing a pole corresponds to replacing a local 
indicator by 0), the more negative the function must be. This is not 
immediately apparent in Definition l2.8l but it does hold for elementary 
local indicators. 

Theorem 3.2. Let Q be a bounded domain in C n , 

S ■= {( aj , Vj), l<j< N}, S' := {(aj, , 1 < j < N}, where aj G ft, 

and tyj, tyj, are elementary local indicators such that tyj < + Cj in 
a neighborhood ofO, Cj G R, 1 < j < N. Then C-s'(z) > Cs(z), for all 
z G ft. 

The proof is given in Section 

Now we turn to a result about the convergence of some families 
of (ordinary) Lempert functions with single poles, whose limits can 
be described naturally as generalized Lempert functions. Note that 
the proof of this next theorem doesn't require the relatively difficult 
Theorem 13.21 only the easy Lemma 13.11 

For z G C n \ {0}, we denote by [z] the equivalence class of z in the 
complex projective space P n_1 . 

Theorem 3.3. Let ft be a bounded and convex domain in C n . Let 
< M < N be integers. For e belonging to a neighborhood of in C ; 
using the simplified notation of the single pole case (I2.3p . let 

S(e) := { fli (e),l< j < M; a'j{e), a'j(e), M + 1 < j < N} c ft. 

Suppose that all the points of S(e) are distinct for any fixed e, that 

\imaj(e) — aj G ft, 1 < j < M; 

lim a'Je) = lima"(£) = a,- G ft, M + 1 < j < N; 

e—>0 J e^O J ' 

and that 

(3.1) ]im[a';(e)-a'j(e)] = [vj], 

where the limit is with respect to the distance in P n_1 and the repre- 
sentative Vj is chosen of unit norm. Let ^j(z) := log \\z\\, 1 < j < M. 
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Denote by ttj the orthogonal projection onto {vj} 1 - , M + 1 < j < N, 
and by tyj the generalized local indicator 

tyj(z) : = max(log ||tTj(2:)||, 21og |z • Vj\), M + 1 < j < N. 

Set S := {(a j: 1 < j < N}. Then 

hm£ S ( E )(z) = lim£s( e) (z) = C s {z) for all z e Q. 

Remarks : (a) as in the comments after (12.3jl . one could replace 
tyj by an elementary local indicator; (b) the convexity requirement is 
imposed by Lemma [6. 1[ and we conjecture that it is not essential. 

Note that in the case where a'j(e) = aj does not depend on e, the 
hypothesis (13. ip means that the point a"(e) converges to a limit in the 
blow-up of C n around the point aj. 

It seems to us that this is the only reasonable convergence result that 
can be obtained for a family of ordinary Lempert functions. If ( 13.11) 
is not satisfied, one can find two distinct limit points for our family of 
Lempert functions. Thus hypothesis (13. ip is required. 

We are restricting ourselves to the case where no more than two 
points converge to the same point: examples where three points con- 
verge to the origin in the bidisk are explicitly studied in [TJ] , and show 
that the situation leads to results that probably can't be described in 
terms of our generalized local indicators. 

The proof is given in Section [6j 

4. Proof of Lemma [23 

Multiplying one of the vectors Vj by a scalar only modifies the func- 
tion $ by a bounded additive term, so it will be enough to exhibit 
an orthogonal basis of vectors complying with the conclusion of the 
Lemma. 

Renumber the vectors Vj so that we have < mi < ■ ■ • < m n . Using 
the Gram-Schmidt orthogonalization process, we produce an orthogo- 
nal system of vectors Vk such that Span(-u 1 , ...,%) = Span(%, . . . , u fe ) 
for any k, 1 < k < n. 

We proceed by induction on the dimension n. When n — 1 the 
property is immediate. Assume that the result holds up to dimension 
n — 1. Write 

^i(z) :— max m,Tog \z ■ vA, ^i(z) :— max m,Tog \z ■ vA. 

l<j<n—l l<j"<7i— 1 ' 

Denote z n := z ■ v n . 

It is enough to obtain the estimates on a neighborhood U of 0. We 
choose it so that for z G U, \z n \ < 0, ^i(z), ^i(z) < 0. Since v n = 
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v n — w, where w G Span(ui, . . . , f n -i), we have 

(4.1) ty(z) = max(^ 1 (2; / ),m„log \z n - z ■ w\), 

= max(^i(z / ),m ri log|z„|), 

where z' stands for the orthogonal projection of z on Span(t>i, . . . , v n -\) 
= Span({;i, . . . , v n -i). By the induction hypothesis, = \&i + 0(1), 
so it is enough to prove that 

ty'(z) := max(^i(z'),m n \og\z n \) 

differs from ^(z) by a bounded additive term. 

There is a constant Co > such that ^i(z') > m n _i log \\z'\\ — 
log C , for z' G U. Choose a constant A > 1 large enough so that 

IHKcyA) 1 /™"- 1 < 1/2. 

Then, since ^1(2:) < and m n _i < m n , 



(4.2) \z'-w\ < ||w||L7 1/m "- 1 exp( 



m n _i 



Case i. \l/i(z / ) > m n log |z n | — log A. 

By the inequality above, W(z) < + log A < ^(z) + log A. 

On the other hand, using (14. 2p . we get 



\z„ — z ■ w\ 



l " < ^ 1/m - 1 + |M|C exp(^ 1 (z')), 



so < + 0(1) < #'(*) + 0(1). 

Case \I / i(-2 / ) < m„log \ z n \ — log A. 
Then ( 14. 2 p and the choice of A imply 



(\ 1 1 X °^ A \ 




log 









thus (14. ip implies that 

*'{z)+]ag^<*(z) <V{z)+\og^ 

5. Proof of Theorem 13.21 

Without loss of generality, we may assume that rj > for all j. 
We have < ^ + Cj in a neighborhood of and 

supp (dd%) n C {0}, supp (dd c %) n C {0}. 
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Thus it follows from Bedford and Taylor's comparison theorem [T], [7J 
p. 126, Theorem 3.7.1] that Tj > rj > 0. For any a,aj, 

(5.1) rn^aj^jioi) > m^ ah m>.{a). 

Therefore 

N N 

( 5 - 2 ) m ^,^(«) lo gi a i < 5^ m ^>^( a ) lc, gi a i- 

j=l a6Aj i=l aGAj 

To finish the proof, it suffices to show that the family over which we 
take the infimum is smaller for £s'{ z ) than the one for Cs(z). This can 
be checked for each j separately, hence we drop the index j. 

Lemma 5.1. Let Q be a bounded domain in C n . If^, are elementary 
local indicators such that < ty' + C and r' :— Tw > 0, if A C D, 
a G Q and ip G Hol(D, Q) verify 

5^^,a,*'(«) < r '> 

then 

A,%,a,»( a ) < r := r^. 

Proof. Since the point a plays no role, we assume a = and write 
m ^,o,*( a ) — m ip ^(a). By (15. II) . we may assume that m^^(a) > and 
the sums in (15. 2p will not change. 

Using Lemma I2.4[ we reduce ourselves to the case where the elemen- 
tary local indicators are given by orthonormal systems of vectors. We 
use the same "valuations" as in the Elementary Example: 

Uj(a) := Vj(a, <p) := min{k : (— ) h (<p(() • %)(a) ^ 0}, 

and v'Aat) is defined analogously using the vectors v'a. 

Case 1. There exists a such that ^^(cto) = r' . 

Then the hypothesis of Lemma \5 . 1 1 implies that for all a G A \ {«o}> 
m^i^a) = 0, so that mini<K n m ; jc ^(a) = 0. Since r' > 0, we have 
m' k > for all k, so there must exist k such that v' k (u) = 0. Then 
(p(a) 7^ 0, which implies that m v ^{a) = 0, and 

2Jm^(a;) = m 9 ^[a Q ) < r, 

by definition of the multiplicity. 

Case 2. For all a G A, m^^^a) < r'. 

Therefore m^^/^a) = miiii<K n m^[(a), and since we always have 
m ^,*( tt ) < min!< fc < n m fc z/ fc (a), it becomes enough to work with those 
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quantities in (15.21) . By dividing by r and r' respectively, it will be 
enough to prove the following Lemma. □ 

Lemma 5.2. Under the hypotheses of Lemma [3T71 and Case 2 above, 
for each a G A, 

mini< fc < n m / fc z/^(a) > mm.i< k < n m k v k (a) 



nLi m 'k nLi m k 

Proof. Since we are now dealing with a single a, we also drop it from 
the notation. 

We introduce a binary relation on the index set {1, . . . , n}. 

Definition 5.3. Given k, I G {1, . . . , n}, we say that kTZl if and only 
ifvk ■ v[ 7^ 0. 

Lemma 5.4. If ty' + C > ^ and kTZl, then m k > m\. 
Proof. For any nonzero A G C, 

*'(Av,') = m' l log |A| + m{ log ll^'f, 
while, for |A| small enough, 
^(Xv'i) = max (m,(log |A| + log \ vj ■ v'i\)) = (min m k ) log |A| +0(1), 

l<j<n k-.kVJ 

therefore by letting A tend to we see that min*..^ > m\. □ 

Lemma 5.5. If^' + C>^, then 

(1) v[ > min{i/ fc : kTZl}, 

(2) v k > min{z/ z ' : kTZl}. 

Proof. We will use and prove part (1) only. The other one has a similar 
proof. 

Since v[ is orthogonal to v k unless kTZl, we must have complex scalars 
Cfc such that v\ = Ylk-km c k v k, thus for as in Lemma I5TT1 

kikKl 

Now take m < v k = v k {a, if), for all k such that kTZl. Then 

• v[){a) = c k (-[r^(0 ■ v k )(a) = 0, 
' k±m ^ 

so we must have v[ > m, which proves the result. □ 



Now renumber the vectors v[ so that mm k {m' k v' k ) = m\v' x . Pick an 
index ko such that koTZl and u ko = mm{u k : kTZl}. By renumbering 
the vectors v k , we may assume ko = 1. By Lemma T5.5[ we may assume 
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The conclusion of Lemma 15.21 thus reduces to: 

(5-3) YTn 7* — "fTn 



ir k =2 m 'k ir k =2 m k' 

This is a consequence of the next result. 

Lemma 5.6. There exists a bijection a from {2, . . . , n} onto itself such 
that for any I G {2, . . . , n}, a(l)TZl. 

This Lemma will be proved below. It implies 

n n n 

Yi m k = n > n mj, 

fc=2 i=2 Z=2 

by Lemma 15. 4[ so (15. 3p holds and this concludes the proof of Lemma 
O □ 

Proof of Lemma 15.61 

Denote A := (a k i)2<k,i<n '■= { v k • v[) 2 <k,i<n- First we prove that this 
matrix is non singular. Let ir be the orthogonal projection on {fi} -1 . 
If rank {7r(vfc), 2 < k < n} < n — 1, there exists w G {^i}" 1 , if 7^ 0, 
such that wJ_7r(ffc), 2 < k < n. This implies u>_l_t>fc, 2 < k < n. Since 
we have orthogonal bases, t>i = Aw, for some A G C. So ^ ■ ^ = 0, 
which contradicts the fact that 172.1. 

We construct the bijection a by induction on n. For n = 2 it's 
obvious. Suppose that the property holds for n — 1. Then 

n 

^ detA = ^(-l) fe a fc2 detA fe , 

fc=2 

where stands for the minor matrix with the first column and the 
fc-th row removed. There must be some k for which a^detA^ ^ 0. 
Let <t(2) = k\ the induction hypothesis gives us a bijection o' from 
{3, . . . , n} to {2, . . . , n} \ {k} such that <V(z); 7^ 0, and this finishes the 
proof. □ 

6. Proof of Theorem 13.31 

First observe that we can relax the conditions used in Definition 12.81 

Lemma 6.1. Let Q be a convex bounded domain in C n containing the 
origin, and let z &Q. 

(i) Let aj G Q, G I and, as in Definition \2. 6\ 

S-^Haj^lKjKN}. 
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Suppose that for any S > 0, there exists a map ip 5 holomorphic from 
D to (1 + S)Q and sets (Aj(5))i<j<N such that (ip 5 , (^4j(5))i<j<jv) is 
admissible for S, z with respect to (1 + 5)Q and 

^(A,^))!^) <£ + h(6), 

where h{5) > 0, \im s ^ h(S) = 0. Then C%(z) < L 

(ii) For e in a neighborhood V of in C, let aj(e) &Q, 1 < j ' < N. 

S{e) -^{{a^^^AKjKN}. 

Let g : V — > be such that lim £ ^o g(e) = 0. Then 

Hill SUp £s(e) ( Z ) — Um SU P ^S(e) E ( Z ) ■ 

Proof. Without loss of generality, we may assume z = 0. 
Let 

a r := {cp(C) : if G Hol(B, n),<p(0) = 0, |C| < r} . 

A bounded convex domain is Kobayashi complete hyperbolic pfl, Propo- 
sition 6.9 (b), p. 88], so Q r is relatively compact in Q. Let pn stand 
for the Minkowski function of Q: 

p n {z) := inf{r > : - G Q}. 

r 

We set 7n(r) := sup nr pq. The function 7 is increasing and continuous 
from (0, 1) to itself. 

For any p G (0,1), G #o/(D,C n ), denote <^(C) := <j){p()- Note 
that for any points and generalized local indicators, m^, a ^(a/p) = 

Take ip 6 as in Part (i) of the Lemma, in particular ip s (0) = 0, so by 
construction of 7, 

—L-^(B) C 7 (/i)n. 

Choose some p(5) such that j(p(8)) = (1 + <5) _1 , and set (p 5 := V 9 ^); 
then <p s G Hol(B),fl). Note that lim^o M^) = 1> by the relative com- 
pactness of each Q r . 
Let 

M&) : = {^y : a e ^iW- I«l < M<*)} ■ 
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Then 

(6.i) |s(0',(iiOS))i^<tf) -stf,(MS)h<j<N)\ 



Y Y m ^,a,,^(a)|log/i(5)| - Y Y "V,**,*^ ) 10 * 

j aEAj,\a\<fj,(S) j a6Aj,|a|>(u(<5) 



< 



2(J> % )|log//(5)|, 



and this last quantity tends to 0, which concludes the proof of (i). 

To prove (ii), take maps ip e and systems of points (Aj(e)), admissible 
for S(e), such that 

lim%> e , (A^e))^*) = limsup4fcf (e))n (0). 

Use the above proof with 5 = g(e) to construct maps (p e into Q and 
systems of points (Aj(e)), admissible for S(e), such that 

£(y? e , {Aj(e))i<j<N) -5(^,(^(e)) 1 < i <^) < 2(^^)1 log^(e))l, 

3 

and by definition S((p £ , {Aj{e))x<j<jsi) > Cgr £ \(0). □ 

Consider as in Theorem l3.3l a bounded convex domain Q, and distinct 
points Oj G Q, 1 < j < iV. Let z6l) \ {a,, 1 < j < N} (otherwise the 
property is trivially true). Again we may assume z — 0. By Lemma 
16.11 applied to S(8) = S for any 5, to show that 

(6.2) C s (z) <limjniCs(e)(z) =: £, 

it will be enough to provide: some increasing function g such that 
0(0) = and, for any 5 > 0, <p s G Hol(B, (1 + #(<5))fi) and subsets 
(Aj)\<j<N) of f2 such ((p 6 , (Aj)i<j<isr) is admissible for S,z and that 



(A 5 )i<i 



<Nj 



The systems 5(e) all have single poles, so the definition of I means 
that there exist (p m G Hol(D, ft), e m — > 0, and points Oj, m , oc^ m , a'- m G 
D such that ip m (<Xj >m ) = aj(e m ), 1 < j < M, and ip m (a' jtm ) = a' 3 \e m ), 
<Pm(®j, m ) = a 'j( £ m), M + 1 < j < N; and they satisfy 

M N 

Y lo § l a i>™l + Y ( log K^l + log KUD =£ + S(m), 

3=1 j=M+l 

with limm^oo 5{m) = 0. 
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Passing to a subsequence, for which we keep the same notations, we 
may assume that a,^ m — > aj G D, a'j — > a 1 - G D, a" — * a" G D 
as m — > oo, and that (p m — > y5 G Hol(D, Q) uniformly on compact 
subsets of D. Furthermore, by compactness of the unit circle, there 
exists Vj G [fj] fl S 2 " 1 ^ 1 such that, taking a further subsequence, 

a"(£ m ) - a'-(e m ) 

lim ^7 — r 77 — ttt = Vj. 

m^oo ||aj(e m ) - a;.(£ m )|| 

By renumbering the points and exchanging and a" as needed, we 
may assume that there are integers M' < M, M < N± < N 2 < N 3 < N 
such that 

a 5 G © for 1 < j < M' 
aj G OH) for M' + 1 < j < M 
a'j = a"j G © for M + 1 < j < N ± 
\a'j\ < \a"j\ < 1 for N ± + 1 < j < N 2 
\a'j\ < 1, \a"j\ = 1 for N 2 + 1 < j < N 3 
|o/.| = = 1 for iV 3 + 1 < j < N. 

Then 



(M AT 
log | a j>m I + ( log I I + log I a lm I ) 

j=l j=M+l 

= J]io g |a J -|+ ^ 2io g | a ;.|+ ^ (log |«;.| + log !«;'!)+ ^ lo sKI 

i=l j'=M+l j'=JVi+l j=N 2 +l 

Now we choose 



= {aj} 


for 


l<j<M' 


Aj = ® 


for 


M' + 1 < j < M 


Aj = {a'j} 


for 


M + 1 < j < N x 


A J = {a' J ,a';} 


for 


Ni + 1 < j < N 2 


Aj = {a'j} 


for 


N 2 + l<j<N 3 


A, = 


for 


N 3 + 1 < j < N. 



Notice that (<p, C*4j)i<,-<jv) hits the correct points but doesn't necessar- 
ily produce an admissible choice, because for some j, N± + 1 < j < N 2 , 
we could have 



m, 



P,a,^ 3 (a'j) + m^^^a'j) > 2 = Tj . 
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So, in order to apply Lemma ISTTl with 5 — > 0, we set Aj = Aj for any 
5 > and 

M' Ni N 2 N 3 

- «i) n (c - «;-) 2 n (c - «;xc - o n cc 

1 M+l iVi+1 iV 2 +l 



^(0 := #C)+*C 



where t> G C n is a unit vector chosen such that itj(v) ^ 0, Ni + 1 < 
J < -^3- For any a G Uf A,, <f s (a) = <p(a). There is a constant C > 
such that £ 5 (D) C + C5B(0, 1). 

All the following considerations apply when 5 is small enough. 

For 1 < j < M', m^s Aj ^.(otj) = 1, because (p 5 takes on the correct 
value, and the multiplicity cannot be more than 1 = Tj in those cases. 

For Ni + 1 < j < N3, we have 

nj((£*)'K0) = ^((^'K')) + spjirj(v), 

where pj is some complex scalar which doesn't depend on 5, so for 
5 > and small enough, this projection doesn't vanish and we have 
m tp s ,a ^ ( a 'j) — 1- An analogous reasoning shows that m^s a . = 
1 for iVi + 1 < j < N 2 . 

For M + 1 < j < iVi, we have 

(^)Vi) = 

and by the uniform convergence on compact sets, 



(V?) (a ) = hm ^ — ^- = hm 



m— >oo £V'. — Of'' m^oo <V. — n/ n . 

which must be colinear to Vj by definition. Therefore m$6 >a .^ .(cn' ) = 2 
for M+l <j <JVi. 
Thus (^, (A,-) 

i<j<iv) * s admissible for S 1 , and iS(<£> 5 , (-Aj)i<j<jv) = ^ 
which proves (16. 2p . 

Now we need to show that 



(6.3) Cs(z) > limsup£ S ( e) (2). 

e^o 

We use Lemma Ifa.lj ii). For any 5 > 0, we need to construct a positive 
function g such that \im e ^ g(e) = and, for e small enough, ip £ G 
Hol(D(l +gr(e))fi) and sets (^4j(^))i<j<Af such that (Aj(e))i<j<jv) 
is admissible for S(e), and 

<S(<^ £ , (A^e) < C s (z) +5. 

We start with an admissible choice (ip, (Aj)i<j<jv) f° r such that 

<jC s (z)+5/2. 
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To fix notations, suppose that, after renumbering and exchanging the 
points as needed, there exist integers M' < M, N u N 2 , N 3 G {M, ...N} 
such that 



Aj = {aj} 


for 


1 < 3 < M', 


Aj = ® 


for 


M' + 1 < j < M, 


Aj = Wj^m^a^ia'j) = 2 


for 


M + 1 < j < N u 


Aj = {a'j, a"}, a'j ^ a" 


for 


N\ + 1 < j < N 2 , 


Aj = {^.},m^ a .^.(o;j) = 1 


for 


N 2 + l<j< N 3 , 


A,- = 


for 


N 3 + 1 < j < N. 



The definition of ^ (see the computations performed in the Ele- 
mentary example) implies that, for M + 1 < j < Ni, <p'(a'j) • w — 0, 
for any w G vf . We perturb tp to make sure that, on the other hand, 
(fi'(a'j) ■ Vj 7^ in the same index range. For rj(e) G C to be chosen 
later, set 

0(0 == <P(Q + 

M' 



77(e) 



N 2 N 3 

c]I(c-%) II (c-«5)(c-«j) n (c-«5) 

1 j=Ni+l j=N 2 +l 



X 




V 3 



(c - oi 3 ) n (c - ^) 2 

M+l<fc<JVi,fc^" 

The map <p depends on e and is admissible again. 
We have positive constants C±,C 2 , C 3 such that 

• (p'(a'j) = XjVj, with Cf 1 |77(e)| < |Aj| < Ci|77(e)|, 

• 110 - <f\\oo < C 2 |77(e)|, 

• 0(D) C (1 + C 3 |77( £ )|)Q; 

in particular </5 will be bounded by constants independent of e, along 
with all its derivatives on any given compact subset of D. 

For M + 1 < j < N and e in a neighborhood of 0, a"(e) — a'j{s) = 
rij(e)vj(e), where ||fj(e)|| = 1, hm £ ^ Vj(e) = Vj and rij(e) G C. 

For \e\ small enough, we now may define 

Aj(e) := Aj, for 1 < j < M, N ± + 1 < j < N, 

and Aj(e) := {a'j, a'j + ^p>, for M + 1 < j < N ± . 

We shall need to add to <p a vector- valued correcting term obtained by 
Lagrange interpolation. To this end, we write B(e) := UjAj(e), and 
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values to be interpolated, w(a), for a G B{e). Let 



w(aj 


) : = a 3 




) -0.3 


= a y 




) - 


for 


1 < J < M', 




) ■= a> 3 




)-a.j 


=«;■ 




) - £K) 


for 


M + l < j < iVi, 


, n 
a' j + 






a';(e) 






for 


M +1 < j < N u 




) := a'j 




)-aj 


= 4 




) - £(a£) 


for 


N! + 1 < j < N 2 , 


w{a>>) 


:=<( 




-aj 








for 


N! + 1 < j < N 2 , 




) := 4 




)-aj 


= 4 




) - 


for 


N 2 + l<j< N 3 . 



We denote by P £ the solution to the interpolation problem 

(P(a) =w(a) : a G B(e)) . 

Let ip e := (p + P £ G Hoi (3, Q £ ). The domain Q £ will be specified below. 
By construction ((p £ , (Aj(e))i<j<N) is admissible for S(e), and for \e\ 
small enough, 

5( V 9 £ ,(^(e)) 1 <,< iV )<£ 5 (2 ; )+5, 
provided that, for M + 1 < j < N ± , 

(6.4) H^ = > 

Now we need to show that the correction is small, more precisely 
that we can choose 77(e) so that the above condition is satisfied and 
lim £ ^ 1 1 Pe\ 1 00 = 0. Then we can choose a function g tending to such 
that 

Q £ = (1 + g(e))n D (1 + C 3 \ V (e)\)Q + B(0, I^U). 

Write Tl a for the unique (scalar) polynomial of degree less or equal 
to d :— #-£?(£■) — 1 (d does not depend on e) such that 

n a (a) = 1, n a (/3) = for any (3 G B(e) \ {a}. 

Then 

P £ = n<*w(a). 

aeB(e) 

For a G IJi<j<Af Vi+i<j<iv A/> Hn^Hoc is uniformly bounded, because 
dist(a, B(e) \ {«}) > 7 > with 7 independent of e. It also follows 
from the hypotheses of the theorem and the choice of w that 

lim max{||w(a)||, a G Aj} = 0. 

1<?'<M,JVi+1<j'<JV 

For M + 1 < j < Ni, we need an elementary lemma about Lagrange 
interpolation. 
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Lemma 6.2. Let Xo,...,xa G D, wo, W\ G C™. Suppose that there 
exists 7 > siic/i i/iai \xq— X\\ < 7 and dist([x , xi), {x 2 , ■ ■ ■ , x^}) > 27, 
where [x ,xi] is the real line segment from x to x\. 

Let P be the unique (^-valued) polynomial of degree less or equal to 
d such that 



P(x Q ) = w Q , P( Xl ) = w h P(x 3 ) = 0, 2 < j < d. 
Then there exist constants L 1: Lq depending only on 7 and d such that 



sup||P(C)||<Li 



Wi 


- w 


X\ 


- x Q 



L \\w \ 



We will prove this Lemma a little later. It yields, for M+l < j < Ni, 



sup 



J a O — x~ A 



A, 



J 

nAe) 



+ Lo||aj-(e) — aj||. 



We now estimate the first term in the last sum above. By the Taylor 
formula, 



a"Ae)—(p{oc 



1 , rijie). 



A, 



a^(£)-a^(£)-nj(£)^+i? 2 (£) = n j (e)(v j (e)-v j )+R 2 



where ||i? 2 (^)|| < C| n j( e )| 2 |Ajl 2 with C a constant independent of e 
by the boundedness of the derivatives of (p. Finally 



sup 



A, 



< C (\\ Vj {e) - VjMe)] + |n i (e)||7 ? (e)|- 1 + ||a$(e) - aj 



To to satisfy (16.4j) . we need to have lim £ ^ ™j = 0; to make 
sure, in addition, that the whole sum above tends to as e tends to 
0, it will be enough to choose t](e) going to zero, but more slowly that 
\ nj (e) \ = \\a'j(e) - a}||, for M + 1 < j < N v □ 

Proof of Lemma \6.2\ Let 

d 



Q(X,Y) ]| 



X - x k 
Y - x k 
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Then Q and all of its derivatives are bounded for X G D and Y G 
[xo,xi]- 

P (x) = ^—^q( X) Xl )w 1 + x )w 

X i — 3?0 — 3>1 

-{X-x )Q{X,x 1 ) + \-Q(X,xi) + {X -Xi) w . 



X\ — x \ x — x 1 

Then the conclusion follows from the boundedness of Q and Q' and the 
mean value theorem. □ 



7. Comparison with previous results 

In |16j . we had used a different definition for a Lempert function with 
multiplicities. We state it with the same notations as in Definition 12.81 

Definition 7.1. Given a system S as in Definition \2.6[ we write Tj : = 

Let ip G Hol(V>, Q) and atj G D, 1 < j < N. We say that (tp, (atj)i<j<N) 
is admissible (for S, z) in the old sense if 

y?(0) = z, and there exists Uj a neighborhood of Q 

s.t. ^MO - a,) < ^ log |C - 01 + Cj, VC G Uj, 1 < j < N. 
In this case, we write (with the convention that • oo = 0) 

N 

S(ip, (ai)i<,-<jv) := J^Tj log |ojj-|. 

3=1 

Then the old generalized Lempert function is defined by 
L n s (z) := L s (z) 

: = inf {S(<p, (oij)i<j<N) '■ (v 9 ; ( a j)i<j<Ar) admissible for S, z in the old sense } . 

Recall also that since the functional L did not enjoy monotonicity 
properties, another definition was given in [T6] . 

Definition 7.2. Let S : = {(a j; ^) : 1 < j < N} and Si := {{aj, *}) : 
1 < j < N} where aj G Q and ^ are local indicators. We define 

L s (z) := wf{L 3 i(z) : *j > + C 5 , 1 < j < N}. 

Lemma 7.3. If S = {(aj, ^j), 1 < j < iV} ; where the are elemen- 
tary local indicators, then for any z G £1, £s{ z ) — Ls(z). 
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Proof. Since the functional C is monotonic by Theorem 13.21 it will be 
enough to show that Cs(z) < L${z) for any system S. If we have 
a map ip which is admissible in the sense of Definition 17. 1[ we can 
take Aj := {<x,}, and tyj(ip(() — aj) < Tj log \( — acj\ + Cj implies that 
TTT'tp,aj,^j( a j) > r i; which by Definition ^. 7l means that /// - „ ,i, (n . ) = Tj. 
So that any such <p is admissible in the sense of Definition 12.81 and 

S((p, («j)i<i<iv) = <S((p, (Aj)i<j< N ), 
and the desired inequality follows. □ 



We now return to the study of the example presented in [16J . Let us 
recall the notations. For z6D 2 , 

#0(2) := max(log|zi|,log|z2|), ^v(z) := max(log \zi\, 2 log \z 2 \). 

Here V stands for "vertical", for the obvious reasons : for a G D 2 , 
^jifiO ~ a ) < T j fog IC — Co| + C translates to (r = 1, ry = 2): 

¥>(Co) = a, when j = 0, 

V?(Co) = a, ^i(Co) = when j = V. 

For a, b G D and £ G C, let 

S e := {((o,0),*o);((6,0),*o);((6 > e) > *o);((a > e) s *o)} 
5 := {((o,0),* v );((6,0),^)}. 

Those are product set situations, and the Green functions are explicitly 
known. For w G D, denote by W the unique involutive holomorphic 
automorphism of the disk which exchanges and w: 

MO := f^i 

1 - 

Then 

Gs(zi,z 2 ) = max (log | <p a {z\ ) b (z 2 ) |, 2 log |z 2 1) , 

Gs e {zi, Z 2 ) = max (log|^ a (2i)0 6 (^2)|,log |^20e(^)|) • 

The following is proved in [16, p. 397]. 

Proposition 7.4. If b = —a and \a\ 2 < \^y\ < |a|, i/ien (^5(0,7) < 
£5(0,7)- 

It follows from our Theorem 13 . 3 1 1 hat for any z G D 2 , lirn e _,.o £s e (^) — 
Cs(z), and in particular, using Lemma [?T3l we find again the result la- 
boriously obtained in [H3, Proposition 6.1]: limsup e _, L$ e {z) < Ls(z). 
It is a consequence of [TBI Theorem 5.1] (or equivalently [TJ)J Theorem 
6.2]) that for b = -a and |a| 3/2 < I7I < |a|, then £5(0,7) > G s (0,7); 
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the motivation then was to obtain the counterexample Ls e (0,7) > 
G\s E (0,7) f° r \ £ \ small enough. 

On the other hand, when |7| < |a| 3 ^ 2 , the old generalized Lempert 
function doesn't provide the correct limit of the single pole Lempert 
functions. 

Proposition 7.5. For b = —a and \a\ 2 < \j\ < \a\ 3 ^ 2 , £5(0,7) < 
£5(0,7)- 

Proof. Since Proposition l7.4l implies that L<?(0. 7) > Gs(0,7) = 2 log |a| , 
it will be enough to provide a mapping if and sets A±,A 2 admissible 
in the sense of Definition 12.81 such that S(ip; A%, A 2 ) < 2 log | a | . We 
restrict ourselves to a > 0. We now choose A 1 : = {Ci,C4} ; A 2 : = {C2}, 
with 

C2 := v 7 ^, Ci := 0C 2 (J~J^) ' ^ : = 
and 

vi(0 := <P-a (-<M0 2 ) ,M0 ■= -Aj-MOMOMO- 

From those definitions it is clear that ^i(D) C © and that 

MC2) = -a,¥>i(C 2 ) = 0; <p 2 (Cj) = 0, for j = 1,2,4. 
Furthermore, using the involutivity of <p^ 2 , 

fi(Ci) = piiCi) = 4>-a y YT^ai ) = ^~ a ^ = °" 

So the map ip hits the poles, and 

"V(a,0),*v(Cl) > 1, m ip,(afi)^ v {.U) > 1, ^,(-a,0),*v(C2) = 2. 

To see that actually m^uty^y^j) = 1, for j = 1,4, notice that, since 
(fi only admits one critical point, ( 2 , and since Ci 7^ C2 and C4 7^ C2, we 
must have <p[(Cj) 7^ 0, j = 1,4. 

Thus ip is admissible in the sense of Definition 12. 8} and 

S{<p; A l7 A 2 ) = log |Ci| + 21og |C 2 | + log \U\ = log |CiC*Cll- 
We need to compute 




4>a (4> a (-a)) = -a. 
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From this we deduce | C1C2C4 1 = fl3 ^ 2 > |t|> an d therefore ^(D) C D; 
and IC1C4C2I = fl2 ' therefore 

S{(p;A 1 ,A 2 ) < log IC1C4C2 1 = 2 log |a|, 

q.e.d. □ 
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